Instructor: Professor Griffy
Due: Mar., 21st 2023
AECO 701

Problem Set 4

Income Fluctuations with CARA Utility You're asked to study an optimal savings plan when
households face fluctuating income. The exponential (or CARA) utility function is tractable and
it allows for closed-form solutions using a guess-and-verify method. Consider an agent with the
following utility maximization problem:

Ei <1i5>t u(ct) (1)

t=1
subject to

Yt = ¢o + O1yi—1 + €, €~ N(0,0) (2)

0> 0, 0< o<1, (3)

where utility takes the CARA form u(c) = —fe~%.

e The recursive formulation of this problem is given by
V(A y) = max {u(c) + BE[V(4",y/)]} (4)

st. A=0+4nrnNA+y—c (5)

Take the first-order condition in consumption and solve for the within period relationship
between assets and consumption.

We can construct:
1
L(Ay) = —ge "+ BE[V(A,¢)] + N1+ 1) A= A'+y —d.

And then taking the F.O.C. w.r.t. consumption:
oc .

e N=0= A=
oc
We also know the marginal value obtained from current assets:
oL
— = A(1 )
94 (1+47r)
Thus combining the two we obtain a relationship between assets and consumption within a
period:
oL
ﬂ = (1 -+ 7')6790.




e Guess that the value function takes the form

V(A, y) _ _iefGT(A+ay+E)' (6)
Or

Using the relationship you derived in part (a), show that the candidate optimal consumption
rule takes the form

¢ =r(A+ay+ ap), (7)
where we define )
ap="b+ %ln(l—i-r). (8)
Note that a = ﬁ, which means that ay is the present value of human wealth given by
by — i 1 K _ Yt (9)
ARy R

First, we can invoke the envelope theorem to say that g—ﬁ = %' That is, using our guess in

(6), we find that
OL _ _or(Atay+b),
0A

We can then plug this into our answer in part (a) and do some algebra...
e—Gr(A—l—ay-&-B) _ (1 + 7“)6_96
—0r(A+ay+0b) = —0c+In(l+7) (taking log of both sides)
- 1
' =r(A+ay+0b)+ éln(l +7) (solving for ¢*)

- 1
:r(A+ay+b+%ln(1+r))

= ’r(A + ay + ap) ‘ (plugging in for agp)

o Using our guess of the value function, we can rewrite the Bellman Equation as

V(Ay) < ! > L g feap (“0r (A + ayf +B))]. (10)

V(A7 y) = m or

147

Plug in the equation for the evolution of assets for A’ and the AR(1) process that determines
income for 1/, as well as your guess for V, and show that consumption is equal to

c=r {A+ trated, o, L [ln G ii) ~ln (E [eap (—Hras')])] } (1)

(Two hints: 1. Derivatives are not required!; 2. Remember that exp(a+b) = exp(a) x exp(b))

We start by subtracting the V' (A,y) term on the right over to get it to simplify slightly.

<1 ir>%efcp{—9r(z4+ay+b)}
— <1i5>%ﬂﬂ leap{—0r [1+r)A+y—c+a(¢o+ 1y +¢€)+b]}]

2




Next, note that the expectation term simplifies. We can pull out things that are already
determined (i.e. things without primes on them):

= eap{—0r [((1+r)A+y—c+ado+ a1y + b } E [exp {—Orac'}] .

Now we can take the In of both sides:

_ 1+46 _
—O0r(A+ay+0b)—In <1 i 7n> = —0r[(1+7r)A+y—c+ago+ a1y + b] + In(E[exp{—0Orac'})].
Isolating the ¢ term:

- . 140
97’0:97’[(1—i—r)A—i—y—i—aqﬁo+aq§1y—i-b]—97’(A—i-ay—|—b)—Hn(1+

) — In(Elexp{—0rac'}]).

+r
Dividing by 0r and simplifying:

c=rA+(1 —a+aq§1)y+a¢o+% [ln <1ii) —In(E [exp{—é?rag/”)} )

— c:r{A+1_(JL:a¢1@/+aj'fo+7142 [ln <1+5> —In (E [exp (—9%')])}}-

Using the method of undetermined coefficients (aka guess and verify - set your two solutions
for consumption equal), solve for b using your solution obtained in part (b).

First we take our first solution for ¢ given by (7) and plug in for ag given by (8). Then,
setting this equal to our last solution for consumption:

_ 1
riA+ay + b+ o (1 +7)

1— 1 1+06
=y L0 000 L (120 n(afean(-orac))

r

Grouping terms together:

b= (1_““@1 - a> Y+ ‘%’50 + 1 [m (1 + ‘5) _ In(Efeap(—8rac)]) — rIn(1 + 7‘)]

r Or? 1+r
1-a(1 — 1 1+9
TR 1) -]
=0
_ 1 144 /
|y = a%qﬁo + 03 {ln <1 i T) — In(Elexp(—0rag’)]) — rin(1 + 7")]




e Show that this solution for consumption can be written as
c=r(A+h—-T(r)), (12)

where h = a(y + %) is human wealth and I'(r) = ﬁ[ln(ﬂi[em)(—ﬁras’)]) - ln(%—j;f)] is the
difference between precautionary savings and impatience caused by a distaste for lower con-

sumption.

Recall that our expression for consumption was given by ¢ = r(A + ay + b+ e—lrln(l + 7))
(plug (8) into (7)). Plugging what we found for b and simplifying:

F=r{A+ay+ oo + # {ln <1 1?) — In(E[exp(—0Orac’)]) —Wﬂ —I—?M}

r

o (v ) - L [mElent-trae) —1a (1£2) ]}

h L(r)




